Improving Element-Boundary Alignment in All-
Hex Meshes of Thin-Walled Solids by Side-Face
Identification

Soji Yamakawa' and Kenji Shimada®

The Department of Mechanical Engineering,
Carnegie Mellon University,
'soji@andrew.cmu.edu

*shimada@cmu.edu

Abstract

This paper presents a new computational method for identifying side faces
of thin-walled solids that can be excluded from the first step of conformal
transformation from a tet mesh to an all-hex mesh. By excluding such
side faces, all-hex meshes created by the conformal transformation method
better align with the boundary of the side faces and tend to exhibit better
scaled Jacobian quality. The proposed method first finds seeds of the
candidate faces that may belong to the side faces. Then the candidate
faces are grown across edges that have a low dihedral angle. Finally the
candidate faces are retracted until no edge between a candidate face and
non-candidate face has a low dihedral angle. Experimental results
demonstrate clearly improvement of the element-boundary alignment and
scaled Jacobian quality.

1. Introduction

This paper describes a method for automatically identifying side faces of
thin-walled solids and improving boundary alignment of the hex elements
created by the conformal mesh transformation method [1]. The proposed
method first finds seed faces that are likely to be a part of a side face,
which typically is a narrow face connecting two larger wall faces, by (1)
calculating aspect ratio and depth-thickness ratio and (2) finding through
holes. (See Section 3 for the definition of side- and wall-faces.) Then
the seed faces are grown across edges that do not satisfy dihedral-angle
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condition, detailed in Section 4. If the dihedral-angle condition cannot be
satisfied even after growing the seed faces, seed faces are retracted until all
the boundaries between seed faces and non-seed faces satisfy the dihedral-
angle condition. The final remaining seed faces are considered the side
faces.
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Fig. 1. Effect of the side-face identification on the alignment

While the previous conformal-transformation method [1] creates an all-
hex mesh of thin-walled solids, in which most elements are aligned with
the boundary, the method creates elements that do not align the boundary
in the region near the side faces. The new method automatically identi-
fies side faces of the input geometry and improves the boundary alignment
near such faces. This method is useful for the applications that are sensi-
tive to the alignment of the elements such as a flow simulation of the injec-
tion-molding process.

The conformal-transformation method creates an all-hex mesh in three
steps: (1) prism-tet mesh generation, (2) conformal transformation, and (3)
mid-point subdivision. In the first step, an all-tetrahedral mesh of the in-
put geometry is created and then, a layer of prism elements is inserted on
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the mesh boundary (prism pillowing). The second step applies a se-
quence of topological transformations, detailed in [1], to reduce the num-
ber of tet elements and increase the number of hex elements. Since the
topological transformations maintain the mesh conformity without the use
of pyramid elements, every element in the mesh can be subdivided into all-
hex elements with simple mid-point subdivision templates without losing
the mesh conformity in Step (3).

Among these steps, the first step has the most significant influence on
the alignment of the elements. The original conformal-transformation
method inserts a layer of prism elements all over the boundary of the mesh
as shown in Fig. 1 (a). After applying topological transformations, most
of the tet elements are collapsed. The prism elements along the side fac-
es, however, are not aligned well with the boundary as shown in Fig. 1 (b).

The boundary alignment can be improved by not inserting prism ele-
ments on the side faces as shown in Fig. 1 (¢). If all of the tet elements
are collapsed, prism elements are almost perfectly aligned with the wall
faces.

When a high-quality all-hex mesh of a thin-walled solid is necessary,
the model typically needs to be de-featured first and then decomposed into
simpler map-meshable or sweep-meshable geometries, which then are
meshed and merged together. Although the conformal-transformation
method still requires the de-featuring process, it creates an adequate-
quality mesh without going through manual geometry decomposition.
The proposed method further improves the element boundary alignment of
the output mesh by identifying side faces and avoids inserting prism ele-
ments in the first step of the conformal-transformation method.

2. Previous Work

Despite numerous attempts, none of the previously published techniques
can automatically create an adequate quality all-hex mesh of an arbitrary
geometry. When the input geometry is chunky and de-featured, grid-
based and octree-based methods sometimes yield an adequate-quality all-
hex mesh [2-12]. Orientation of the elements in meshes created by these
types of methods is constrained by the original grid orientation, and there-
fore elements are not aligned well with the boundary. For better bounda-
ry alignment, a method for inserting a sheet of hex elements on the bound-
ary of a grid-based or octree-based mesh has been introduced [13].
Although this technique solves the boundary-alignment problem of the ex-
terior elements, the orientation of the interior elements is still constrained
by the original grid orientation. The grid-based and octree-based meth-
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ods do not perform well when the input geometry is thin-walled, and when
the boundary alignment significantly influences the solution accuracy.

When it is necessary to create a high-quality all-hex mesh in which the
elements are aligned with the boundary, the input geometry needs to be
first de-featured, and then manually decomposed into simpler geometries
each of which can be map-meshed or sweep-meshed. Although the out-
come of this manual meshing would yield a high-quality mesh, it requires
substantial manual intervention and may not be feasible all the time.

The conformal-transformation method creates a reasonably good-quality
all-hex mesh of thin-walled solids, in which the elements are well aligned
with the boundary [1]. The boundary alignment achieved by the confor-
mal-transformation method alone tends to be better than grid- and octree-
based methods. A mesh created by a typical grid- or octree-based method
plus hex pillowing tends to have boundary unaligned interior elements be-
cause the orientation of the interior elements is significantly limited by the
grid orientation as shown in Fig. 2 (a). On the other hand, the conformal-
transformation method creates more boundary aligned interior elements
than the grid- or octree-based methods since boundary unaligned interior
elements are mostly collapsed by the topological transformations as shown
in Fig. 2 (b). The conformal-transformation method, however, still cre-
ates boundary unaligned elements near the side faces. The goal of the
proposed method is identifying side faces and improving boundary align-
ment near such side faces as shown in Fig. 2 (¢).

The proposed method pertains to feature-identification techniques. In
the past, feature identification techniques mainly targeted feature-edge
identification and preservation [11, 14-17] and geometry simplification
[18]. None of the existing techniques is directly applicable to the identi-
fication of side faces for the purpose of improved element boundary
alignment.

Yin et al. have presented a method for identifying thin sections of the
input volume [19]. Thin sections are meshed with prism elements and the
rest with tetrahedral elements. Since triangular faces of the tetrahedral
elements are exposed to the quadrilateral faces of the prism elements, the
output mesh is a non-conformal prism-tetrahedral mesh. The advantage
of the conformal-transformation method over Yin et al.’s method is (1) the
mesh stays conformal throughout the process, and (2) it does not require an
explicit separation of the volume into thin sections and non-thin sections.
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Fig. 2. Comparison of typical meshes created by the grid- or octree-based method plus
surface element pillowing vs. the conformal transformation method.

3. Definition of a Side Face

A side face is a face of a thin-walled solid that connects multiple wall fac-
es. Side faces are typically narrow and connecting a pair of larger wall
faces. Shaded faces in Fig. 3 are side faces of a thin rectangular solid.

Side face
Side face’

Wall face
Fig. 3. Side and wall faces of a thin rectangular solid

The proposed method calculates three dimensions, depth, thickness, and
length for identifying side faces. Depth, d, is defined at a point on a face
as the length of a ray shot from the point on the surface to the opposite di-
rection of the normal vector at the point that extends until it hits another
face. The direction of the ray needs to be corrected when it intersect with
a face that is a direct neighbor of the face from which the ray is originated
because it is likely that the side face is not perpendicular to the wall face.
In this case, the corrected ray direction, 1, is calculated as:

r=r—n(n-r),
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where r is the original ray direction, and n is the normal of the boundary
surface where the original ray intersects with.

Thickness is defined as an average distance over the side face between
the two wall faces, and /ength is defined as a half of the total length of the
edges of a side face that are shared by wall faces.

thicknessI
'm‘

Fig. 4. Thickness, length, and depth of a side face

Faces need to be classified into side faces and wall faces to calculate
thickness and length. Such classifications, however, are not known up-
front, and thickness and length thus can only be calculated approximately.

For a set of faces, thickness and length can be approximated as follows.
Let L and 4 be the total length of the outer perimeter and the total area of
the set of faces, respectively. If the set of faces is long and thin, it is ap-
proximately similar to a rectangle as shown in Fig. 5.
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Fig. 5. Approximating a set of faces with a rectangle

The relation between A4, L, and thickness ¢, and length / are:

A=1lt (1

L=2(+1), 2)
which leads to:

2t> — Lt + 24 = 0. 3)

Thickness ¢ becomes imaginary if the set of faces is more similar to a
circle than a square, in which case it is sufficient to consider it a square for
the purpose. Also, since / is longer dimension of the rectangle, one of the
roots of (3) is dropped. Finally, # and / are solved as:

S e e S @
L/4 otherwise
l=A/t 5)
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If a set of faces are connecting only two other faces, it can be either a
through hole or an extrusion, and the length, /;, and thickness, #,, must be
calculated differently. Since such a set of faces is closed, total length of
the outer perimeter is shorter than an open set of faces as shown in Fig. 6.

viv

Fig. 6. Approximating a through hole with a rectangle

The relation between L and [, thus becomes:
L =21, (6)
By solving Equations (1) and (6), /, and ¢, for a through hole can be cal-

culated as:
_24

th L (7)
I, =L/2. (8)

4. Side Faces that can be Excluded from Prism Pillowing

The goal of the proposed method is finding side faces and excluding them
from prism pillowing, which is a part of the first step of the conformal-
transformation method. Not-all side faces, however, can be excluded
from prism pillowing. The side face that is excluded from prism pillow-
ing must satisfy one condition: the outer perimeter edges must be either
convex or connected to another face that is also excluded.

A prism element placed next to a face that is excluded from prism pil-
lowing needs to have at least one edge extended along the excluded face as
shown in Fig. 7, or the element will not be connected to the interior ele-
ments. If part of the outer perimeter of the excluded face is concave, a
prism element on the concave edge will have inverted or negative Jacobian
as shown in Fig. 8.

In fact, the outer perimeter must not only be convex but also have great-
er than a certain dihedral angle to avoid sacrificing scaled-Jacobian quali-
ty. In theory, the threshold of the dihedral angle is 60 degrees because
scaled Jacobian does not change if one element occupies a 60-degree (120-
degree interior) corner or if two elements share the same corner. If the
dihedral angle of an edge is exactly 60 degrees, excluding a face on such
an edge from prism pillowing makes no change in scaled Jacobian, as
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shown in Fig. 9. If the dihedral angle is greater than 60 degrees, exclud-
ing one side of the edge from prism pillowing improves the scaled
Jacobian. Or, if the dihedral angle is less than 60 degree, excluding one

side of the edge adversely affects the scaled Jacobian.
Edges need to be extended along the ex-

cluded face. ﬁ
|:> \ V. V V VvV X

Fig. 7. Improving element alignment and scaled Jacobian together by excluding side faces
from prism pillowing (shaded elements are prism elements)

<

Excluding this face Zlnvemon
from prism pillowing
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Fig. 8. Concave edge on the outer perimeter of an excluded face will cause an inverted
(negative Jacobian) prism

Fig. 9. Excluding a face on 60-degree dihedral angle from prism pillowing makes no
change in scaled Jacobian

Dihedral angle on the outer perimeter of side faces varies along the pe-
rimeter in a real model. Applying 60 degree minimum dihedral-angle
threshold is too restrictive, according to the experiments. The experi-
ments conducted in this research have shown that 40 to 45 degree thresh-
old gives a reasonably good result. For the best result, however, this
threshold needs to be given by the user.

5. Side-Face Identification

The proposed method takes three thresholds: (1) depth-thickness ratio
threshold s, (2) aspect-ratio threshold s,,, and (3) dihedral angle threshold
Sana> to identify side faces that can be excluded from prism-pillowing and
improves the alignment of hex elements.
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The method finds such side faces in three major steps:

(1) finding candidate seed faces,

(2) growing candidate faces so that concave candidate-face boundary

edges decrease, and

(3) retracting candidate faces so that all of the concave candidate-face

boundary edges disappear.

In the first step, the proposed method identifies thin faces and through
holes. A face is considered thin if the following conditions are satisified:

Condition 1: I/t > s, and

Condition 2: min (d)/t > sg;,
where [ and ¢ are length and thickness calculated by Equations (4) and (5),
and min(d) is the minimum depth of the face. Condition 1 tests if the
face has a higher aspect ratio than the given threshold, and Condition 2
makes sure the wall is tall compared to the thickness.

Through holes can be identified by finding a set of faces each of which
is connected to two common faces, and the boundary edges of the set of
faces are all convex. This condition alone will capture both shaded faces
in Figs. 10 (a) and (b). However, for the purpose of the proposed meth-
od, shaded face in Fig. 10 (a) should not be identified as a side face since it
is one of the wall faces. To prevent wall faces from being identified as a
side face, the proposed method applies an additional condition for a
through hole:

Condition 3 min (d)/t, > sat,
where ¢, is the thickness of the through hole calculated by Equation (7).
Note that Condition 3 is tested per set of the candidate faces. This pre-
vents false identification of a thin face that is a part of and smoothly con-
nected to a larger face.

In the second step, the proposed method grows the side-face candidates
across low-dihedral-angle edges on the boundary between candidate- and
non-candidate- faces. If a non-candidate face shares a low-dihedral-angle
edge with a candidate face, and if the non-candidate face satisfies Condi-
tion 2, the non-candidate face is added to the list of side-face candidates.
This process is repeated until the side-face candidates no longer grow.

In the third step, a face in the set of side-face candidates is removed
from the set if one of the edges of the face has lower dihedral angle than
sae and a non-candidate face is connected to the face across the edge.
This process is repeated until no more face can be removed from the side-
face candidates.
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(a) A through hole surface that is a (b) A through hole surface that is a
part of wall faces part of side faces

Fig. 10. Through hole that connects two common faces

6. Effect of Geometry Simplification

The proposed method assumes that the input geometry is reasonably sim-
plified. The simplification process is a prerequisite for almost any types
of meshing algorithm, or the output-mesh quality can never be good. In
particular, un-removed fillets substantially increase the difficulty of the
side-face identification.

For example, if corners of a side-face are filleted as shown in Fig. 11
(a), the faces are not identified as a side face since the dihedral angle be-
tween the side faces (shaded) and wall faces (white) is zero. While con-
cave fillets are typically for avoiding stress concentration, these types of
convex fillets are in many cases for aesthetic purposes and do not make
notable difference in the analysis.

If the fillets are removed, the proposed method is able to identify shaded
faces in Fig. 11 (b) as side faces, and the mesh quality, in terms of both the
boundary alignment and the scaled Jacobian, can substantially be im-
proved.

If corners of a through hole is filleted as shown in Fig. 12, the proposed
method cannot identify the hole surfaces as side walls because none of the
faces connects two wall faces. These faces can easily be identified as
side faces if the fillet on the corners of the hole is removed.

Although some CAD packages keep track of the fillet surfaces and are
able to remove most of them automatically with a push of a button, some
of such fillets cannot automatically be removed due to feature dependen-
cies and attributes lost in process of the modeling.

Dealing with fillets has been one of the major challenges of mesh gener-
ation, not only for the proposed method since it obscures the boundary be-
tween features. Also a fillet surface tends to be thinner than the desired
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edge length, and often the mesh needs to include a sequence of edges that
lie on the centroid of the fillet surface, although such constraint cannot eas-
ily be calculated especially where multiple fillets meet. The development
of a method that can automatically identify and remove fillets would be a
substantial contribution to the meshing research.

TN EEsEsavAYam

(a) Relatively low-quality elements will (b) Alignment and quality of elements
remain if fillets are left unremoved. improve if fillets are removed.

Fig. 11. Effect of unremoved fillets

Fig. 12. Fillet on a corner of the through hole makes side-face identification more diffi-
cult

7. Experimental Results

The experiments conducted in this research have shown the effectiveness
of the proposed method. For these examples, threshold values of s,~1.0,
5+=3.0, and 5,4,,=40 degree have been used.

Fig. 13 (a) shows a tet mesh of a lid model that is used as the initial
mesh for the conformal-transformation method. The faces identified as
side faces by the proposed method are highlighted. Fig. 13 (b) shows
some cross-sections of an all-hex mesh created by the conformal-
transformation method without using side-face identification. The same
cross-sections of an all-hex mesh created with side-face identification are
shown in Fig. 13 (¢). The element-boundary alignment clearly improves
with the proposed side-face identification.

The proposed method also improves the scaled Jacobian quality.
Without the side-face identification, the peak of the scaled Jacobian histo-
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gram is near 0.7. With the side-face identification, the peak is shifted to
near 0.8 as shown in Fig. 16.

Fig. 14 (a) shows a tet mesh of a plastic cover that is used as the initial
mesh for the conformal-transformation method. The faces identified as
side faces by the proposed method are highlighted. Fig. 14 (b) shows
some cross-sections of an all-hex mesh created by the conformal-
transformation method without the side-face identification. The same
cross-sections of an all-hex mesh created with the side-face identification
are shown in Fig. 14 (c¢). The element-boundary alignment clearly im-
proves with the side-face identification.

The peak of scaled Jacobian histogram is near 0.8 without side-face
identification. With side-face identification, the peak jumps to near 0.9.

Fig. 15 (a) shows a tet mesh of an aorta-artery model that is used as the
initial mesh for the conformal-transformation method. The faces identi-
fied as side faces by the proposed method are highlighted. Fig. 15 (b)
and (c) show all-hex meshes with and without applying the proposed
method, respectively. Fig. 15 (¢) clearly shows that the proposed method
improves the element-boundary alignment on the side faces. Fig. 18 in-
dicates that the peak of the scaled Jacobian histogram shifts from 0.65 to
0.7 with the side-face identification.

These results suggest that the proposed method is effective in improving
the element-boundary alignment on the side faces and also tends to im-
prove scaled Jacobian quality.

8. Conclusion

This paper has presented a new method for identifying side-faces of a
thin-walled solid that can be excluded from prism-pillowing in the first
step of the conformal-transformation method. The method searches the
side faces based on the high aspect ratio faces and through holes. The
candidate side faces are once grown across low dihedral-angle edges, and
then retracted until no boundary edge between candidate face and non-
candidate has low dihedral-angle. The effect of the method is the im-
provement of the element-boundary alignment and scaled Jacobian quality.
The experimental results show that the proposed method effectively im-
proves the quality of all-hex meshes created by the conformal-
transformation method.
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(a) A tet mesh of a lid model used as the initial mesh for the conformal-transformation
method. Faces identifies as side faces are highlighted.

(b) Cross sections of the all-hex mesh created
by the conformal transformation method without
side-face identification. (23,821 nodes and
15,146 hexes)

Fig. 13.  All-hex meshes of a lid model

(c) Cross sections of the all-hex mesh created by
the conformal transformation method with side-
face identification. Elements in the circles are

clearly better aligned with the boundary. (22,592
nodes and 13,798 hexes)
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(a) A tet mesh of a plastic cover used as the initial mesh of the conformal-transformation method. The

faces identified as side faces are highlighted.
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(b) Cross sections of the all-hex mesh created by (c) Cross sections of the all-hex mesh created by
the conformal transformation method without side- the conformal transformation method with side-
face identification. face identification. Elements in the circles are
(24,920 nodes and 15,976 hexes) clearly better aligned with the boundary.

(22,362 nodes and 13,114 hexes)

Fig. 14.  All-hex meshes of a plastic-cover model
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(a) A tet mesh of an aorta-artery model. The faces identified as side faces are highlighted.

(b) Cross sections of the all-hex mesh created by the conformal transformation method with-
out side-face identification. (95,357 nodes and 59,222 hex elements)
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(c) Cross sections of the all-hex mesh created by the conformal transformation method with
side-face identification. (90,835 nodes and 55,584 hex elements)

Fig. 15. All-hex meshes of an aorta-artery model
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Fig. 16. Histograms of scaled Jacobian values of the all-hex meshes of the lid model.
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Fig. 17. Histograms of scaled Jacobian values of the all-hex meshes of the plastic-cover
model.
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Fig. 18. Histograms of scaled Jacobian values of the all-hex meshes of the aorta-artery
model
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